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We investigate the possibility that electromagnetic fluctuations are amplied in an expanding
universe by parametric resonance, during the oscillatory regime of a scalar eld to which they are
coupled. We examine two toy model couplings: scalar electrodynamics and axion electrodynamics.
In both models, electromagnetic fluctuations undergo exponential instabilities. We discuss how
plasma eects can counteract the resonance, but we argue that in some cases the resonance will
persist and that hence this mechanism could have some relevance for the problem of large scale
primordial magnetic elds.
PACS numbers: 98.80Cq
Introduction. In these last years the concept of para-
metric resonance (henceforth PR) has played a funda-
mental role in cosmology for the development of the the-
ory of preheating [1], the explosive decay of the inflaton
after inflation. There have been investigations of sev-
eral types of elds coupled to the inflaton: scalars [1],
fermions [2], gravitational waves [3], scalar gravitational
perturbations [4], gravitinos [5].
From the analysis of the scalar sector it has emerged
how systems including nearly  conformal invariant elds
can be eciently amplied in an expanding universe [6].
Since the Robertson-Walker metric is conformally re-
lated to the flat metric, the equations of motion for such
systems can be mapped into similar ones in Minkowski
space-time. In this way systems with nearly conformal
invariant elds oer a valid alternative in terms of the
eciency of the resonance to systems with elds in the
broad resonance regime (i. e. large coupling constants)
[7,8].
This suggests that the "unnatural selection rule" [6]
could privilege elds which are conformally coupled to
gravity: massless vector elds and massless fermions [9]
are two examples. In the case of fermion the Pauli block-
ing is present (even if this does not prevent the occurring
of novel interesting eects [2]), but for the photon expo-
nential Bose enhancement occurs. In this Letter we will
investigate two toy model couplings of electromagnetism
to a scalar eld [10]: scalar electrodynamics and axion
electrodynamics.
Scalar Electrodynamics. The Lagrangian density
for scalar electrodynamics is given by
L = − 1
16
FF
 − (D)(D)− V () (1)
By the term nearly we do mean not only elds whose
equation of motion are exactly conformally related to the
Minkowski case, but also approximatively (as for instance
massless scalar elds in a radiation dominated universe [6]).
where D = r− ieA is the gauge and metric covariant
derivative, A is the gauge potential and F is the elec-
tromagnetic eld tensor, dened as F = rA−rA.
From this Lagrangian the equations of motion are:
−2 + 2ieA@ + ierA + @V
@
+ e2AA = 0 (2)
rF  = −4j + 8e2Ajj2 (3)
where j = ie(@ − @). We shall consider
inhomogeneous linearized fluctuations around homoge-
neous quantities (t;x) = (t) + (t;x), A(t;x) =
A(t) + A(t;x) in the Robertson-Walker metric ds2 =
−dt2+a2(t)dx2. We shall study the evolution of the elec-
tromagnetic (henceforth EM) fluctations in the Coulomb
gauge r A = 0. This gauge singles simply out the dy-
namical degrees of freedom for the problem (1) and its
close relation to the gauge invariant formalism has been
pointed out in [11]. By writing the homogeneous conden-
sate as (t) = ei(t)(t)=
p
2 one has at the homogeneous
level:






 = 0 (4)
plus an equation of motion for A(t) and the constraint
A0 = _=e. We shall consider as zero the background EM
eld and we will study the fluctuations A(t;x) on top
of it:
A¨T + H _AT − r
2
a2




A0 = 4j0 − 4e22A0 ; (6)
where T denotes the transverse part of a vector and jT
is a source term which can be dierent from zero only
if one consider quantum or statistical correlation of the
currents [12] because of the symmetry of the space-time








A0 k = 4j0 k (7)




We consider now the homogeneous part of the dier-
ential equation (5) in Fourier space:
A00Tk + !
2
TkATk = 0 (8)
where !2Tk = k
2 + 4e2a22 and the prime denotes the
derivative with respect the conformal time  (d = dt=a).
The general solution y of the inhomogeneous dierential
equation (5) can be obtained through the Green function
method [14]:
y = yh + 4e2





where yh is the homogeneous solution, y1, y2 are the two
linear independent homogeneous solutions and W is their
wronskian.
Equation (8) describes a harmonic oscillator with time
dependent frequency: during the oscillation of the com-
plex scalar eld Eq. (8) can be reduced to a Mathieu-
like equation [15]. The solutions to this type of equation
show an exponential instability / ek, for some interval
of frequencies, called resonance bands. There is a known
correspondence at the level of equations of motion be-
tween Eq. (8) and the equation of a massless real scalar
eld  (rescaled by its conformal weigth) interacting with
a real scalar eld  by a term g222:
(a)00k +





(a)k = 0 ; (10)
where R = 6a00=a3 is the Ricci curvature. In the case
of conformal coupling ( = 1=6) this correspondence is
exact, while for a quartic potential for  (or ) this cor-
respondence is nearly exact since R ’ 0 [6]. The be-
haviour of parametric resonance depends strongly on the
time behaviour of the homogeneous scalar eld, which on
turn depends on the form of the potential V (). In the
following we consider power law potentials as:
V = n()2n (11)
and we briefly illustrate the dierent behaviours depend-
ing on the parameters n and n, restricting ourselves to
the case in which the scalar eld is the dominant compo-
nent of energy density in the universe.
For a quadratic potential (n = 1) the driving term
a22 in Eq. (8) decays as −1. PR is ecient for
4e22  1: the resonance is stochastic and broad,
and the largest Floquet exponent k is experienced by
small k fluctuations [7]. In the conformally invariant
quartic case (n = 2) the oscillations of ~  a are given
by an elliptic cosine and Eq. (8) reads as an equation
in Minkowski space-time [6] (technically speaking it is a
Lame equation). The resonance structure and the rela-
tive Floquet exponents k depend non-monotonically by
the ratio e2=2 [6]: long wavelengths k2  2~20 are res-
onant for 1=2 < e2=2 < 3=2, as well for other values
[6], where ~0 is the initial amplitude for ~. For n  3 the
driving term a22 oscillates and grows in time as 
2(n−2)
2n−1 .
In this case the resonance for ATk (as well for a) is very
ecient [18].
The case of a simmetry breaking potential
V = m2 + ()2 (12)
with m2 < 0, is denitively the closest to the electroweak
phase transition: the charged scalar eld plays the role of
the Higgs eld, and rolls down from the zero value (false
vacuum) towards min = 
p
m2= (true vacuum). Let
us note that the most important feature in the case of
symmetry breaking in this toy model of scalar QED is
the Higgs mechanism: the vector eld gets an eective
mass proportional to the value of the eld in the broken
phase m2=. Besides the unpleasant feature of consid-
ering a massive photon, this fact could completely inhibit
the resonance in an expanding universe or narrow the res-
onance shifting it to scales proportional to
p
m2= [18].
However, in the realistic electroweak theory the photon
does not acquire a mass: the symmetry breaking mech-
anism gives masses to the W and Z bosons, leaving the
photon massless. This is an important condition for the
eciency of parametric resonance in expanding universe.
We note that in this case the driving term in Eq. (8) is
given by the W condensate (this problem is under current
investigation [13]).
Let us discuss for completeness also the behaviour of
the scalar eld fluctuations for the potential (12). The
Fourier components of the real part of the rescaled eld






 f1 k = 0 (13)
where !21 k = k
2 + a2m2 + 3a22. The Fourier compo-







 f2 k =
ea2(2A0 k0 + A00 k + 3aHA0k) (14)
where !22 k = k
2 +m2a2 +a22. By using the constraint
equation (7) and introducing qk = f2 k=!T one obtains
q00k +

!2k 2 + !
2















qk = 0 : (15)
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We note that the gauge coupling aects the resonance
structure of the scalar eld: while !21k is the driving term
for f1k, !22k does not determine the resonance bands
for f2k, as would do if the charged scalar eld were
uncoupled to a gauge eld [13].
Axion Electrodynamics We consider the eect of
parametric resonance for another type of coupling of elec-
tromagnetism to a scalar eld:










This neutral scalar eld represented an axion in [19] or a
general pseudo-Goldstone boson in [20]. By considering
again the scalar eld as (t;x) = (t) + (t;x) one has
at the homogeneous level:




and for the transverse degrees of freedom
A¨T + H _AT − r
2
a2
AT + 4g _
r
a
AT = 0 : (18)
In this case it is better to consider the circular polar-
ized Fourier component perpendicular to k, A k, whose
equation of motion is
A00 k + (k
2  4g0k)A k = 0 (19)
In the regime of coherent oscillation of the scalar eld
one has again a Mathieu-like equation where the driving
term is proportional to the derivative of the scalar eld
and goes as −1 [16] for a power law potential analogous
to Eq. (11) (always under the assumption that the scalar
eld dominates the energy density of the universe). We
note that by increasing the driving term in the axion case
the eective mass term of the EM fluctuation does not in-
crease, as happens instead for the scalar electrodynamic
case (or in scalar eld theories by using a quartic cou-
pling g222). The ecency of the resonance depends
on the value of the adimensional quantity gfa, where fa
is the scale of the scalar eld. This analysis of Eq. (19)
describing the axion decay into photons was probably
one of the rst application of parametric resonance in
cosmology [22], and it has been recently reanalyzed in
[23]. By dening considering  as the QCD axion, the
smallness of gfa ’ 10−4 prevents the eciency of the
resonance in the case of a potential with temperature-
dependent mass due to QCD eects [23]. However, for
V = 4=4 and 4gfa = 1 we observe a linear growth of
A for k=!  4gfa (! is the oscillation frequency) by
numerically integrating Eq. (17) and (19). Such growth
is slower than the quasi-exponential amplication of the
eld fluctuations in its stable resonance band on smaller
scales [6].
Besides the PR eect, one of the two circular polar-
ization exhibit also a negative eective mass (depending
on the sign of _). This feature could be interesting be-
fore the stage during which the eld coherently oscillates,
when _ has a xed sign.
Plasma eects. We now comment on eects due to
the presence of other charged particles: these eects can
be important since the universe is considered a good con-
ductor after reheating until decoupling. For wavelengths
larger than the collision length [21] one could use the
Ohm relation for the additional current jadd = E. This





k()Ak = 0 ; (20)
where we have denoted collectively the transverse com-
ponent as A and with !2k their time dependent frequency.
The time behaviour of conductivity is considered in the
literature to be  / T / 1=a [19] and so the term mul-
tiplying the rst derivative in Eq. (20) is constant: in
this way the resonance on long wavelengths could be
washed out if a is larger than the Floquet exponent.
For wavelengths smaller than the collision length charge
separation should be taken into account and a term qual-
itatively similar to the classical plasma frequency would
enter as:




where n() and m are respectively the number density
and the mass of the charged particles. This term would
play the role of an eective mass, but which would de-
cay as a(t)−3 (which is more rapid than the decay of the
driving term considered in this paper), leaving open the
possibility of resonance, in particular for large coupling
costants. Let us observe that these qualitative estimates
for conductivity and plasma frequency are obtained by
thermodynamic considerations: the scalar eld would
push EM fluctuations out of equilibrium amplifying the
already present thermal fluctuations.
There is an epoch where the the resonance could pro-
ceed just as worked out in the vacuum case: in preheat-
ing after inflation, when it is assumed that the "cre-
ation" of charged particles is contemporaneous to the
amplication of EM fluctuations. This amplication will
last until rescattering and backreaction set in to shut o
the resonance [24], and terms such as conductivity and
plasma frequency will appear in this out-of-equilibrium
process by a self-consistent study of the problem [25](al-
though their time-dependence will be dierent from the
corresponding thermal equilibrium quantities). In this
case the constraints on the coupling costants e2 and g
come only from requirement to protect the potential of
the scalar eld from radiative corrections: this argument
would give the usual e2  10−6 for the scalar electro-
dynamic case. If one requires that the charged inflaton
gives the right amount of e-folds and CMB fluctuations
(m ’ 10−6Mpl), then a broad resonance regime would be
3
allowed for the gauge eld. For the axion electrodynamic
case, the same argument leads to gfa  10−4, opening a
possible new ecient channel for the decay of the scalar
eld.
Primordial Magnetic Field by Parametric Res-
onance? Even if the conformal property of electromag-
netism in cosmological backgrounds is useful for PR, it is
the main reason why EM fluctuations are not amplield
by the expansion of the universe [9], in contrast to what
happens for minimally coupled scalar elds.
PR could interesting for the generation of primordial
magnetic elds for two reasons. First, it is intringuing
to note how the exponential growth due to parametric
resonance is of the same type as the dynamo eect [26],
one of the astrophysical processes postulated to explain
the observational evidence for galactic magnetic elds.
As a second pont, there are several examples in which
signicant amplication occurs on the maximum causal
scale allowed by the problem (the coherence scale of the
eld). Since the scale of the magnetic seeds is always
a crucial issue for a model which aims to explain their
origin, this feature of PR is very interesting.
As a straightforward result of this paper preheat-
ing could provide an extra growth in the amplitude of
EM fluctuations which are produced during inflation
[19,20,27]: for parameters in which long wavelength EM
fluctuations are amplied, this occurs directly on observ-
able scales because of the coherence of the inflaton on the
particle horizon scale. If the scenario proposed in [19,28]
is correct the electric part of the fluctuation will be dis-
sipated subsequently by the large conductivity, while the
magnetic part will evolve accordingly to Bi = ijk@jAk=a.
Conclusion In this paper we have studied the possi-
bility of an enhancement of EM fluctuations due to para-
metric resonance in the models of scalar and axion elec-
trodynamics in an expanding universe. Previous studies
of preheating have shown that nearly conformal scalar
elds exhibit exponential increase on dierent scales, in-
cluding the largest one allowed by causality. We have
shown that EM fluctuations have this feature, as also
other massless vector elds. This is attractive for a mech-
anism which could have been responsible for the genera-
tion of the primordial magnetic seeds.
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